where q•, R, and v are, respectively, the velocity potential, the distance from the observation point to the radiator surface element ds, and the normal velocity at the surface of the radiator.
Because of the complex nature of the beam pattern close to the source, the integration of the equation for pressure becomes very difficult to perform explicitly. Therefore, numerical techniques are usually required. 2-5 Analytical solutions for particular cases are always valuable, however, providing useful comparisons with numerical resuits, and instructive physical insight into the behavior of the sound field as a function of system parameters.
For real situations, the velocity on the surface of the radiator may not be uniform. If the crystal displacement is dominated by the first mode of vibration (i.e., the only nodal circle on the vibrating surface is at the edge), the velocity on the surface of the piston should increase from the edge to the center, the maximum being at the center. 6 This is the simplest case of nonuniform vibration, and is the one treated here. Dekker et aL 7 and Greenspan 8 considered two different cases: (1) a disk with simply supported edges, for which radial vibration of the disk is everywhere possible and only axial displacements vanish at the edge of the disk; and (2) a disk with clamped edges, for which both the radial and axial displacements vanish at the clamped boundary. For the case of simple support, the velocity distribution on the surface of the piston can be expressed in the form v= Vo[1-(r/a)2].
For the clamped case, this becomes 
where in, h(n 2), and Pn are, respectively, the nth-order 
where v has been set equal to unity, corresponding to the case of uniform vibration. Note that ds 1 =rl dr1 dq51, since 
where Zo=kr o, Za=kra, and % is the distance from the rim of the transducer to the origin of the spherical coordi- 
where [n/2] means the integer part of n/2. For a piston with a uniform velocity distribution, the above formulas can be used for calculating the acoustical pressure distribution in the near field, and Hasegawa et al. used it to compute the three-dimensional pressure field. However, the boundary conditions imposed upon the crystal are one factor which will affect the velocity distribution. We consider this problem below.
B. Simply supported radiator
Now we consider the problem of nonuniform velocity distribution on the surface of the radiator. This may, in some applications, be more realistic. In the case of ultrasonic transducers, experimental evidence indicates that the surface velocity has a nonuniform distribution rather than a uniform distribution. 7'12'13 Laura 6 discussed the far-field beampattern produced 
Here, v is the surface normal velocity as before and Vo is the surface velocity at the transmitter center, which is as-sumed to be unity. Using Eqs. (8) 
The above result can be proved by differentiating both sides with respect to Z (Appendix B). Equation ( cal applications, knowing how beamwidth and average pressure on the receiver surface change along the acoustical axis is often important. We will use the formulas obtained above to determine how the acoustical pressure on the plane which is perpendicular to the z axis changes with axial distance. (Here we use pressure instead of velocity potential. The difference between them is just a constant at a given frequency.) The spatially averaged value of p over the receiving crystal is ----pals2, 
where Z6 = k (ro --1'2) and Z' 1 = kra2 , with ra2 being the distance from the rim of the receiving plane to the origin of the spherical coordinate system. Equation ( 
